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Abstract. We consider the boundary quantum inverse scattering method established by
Sklyanin. The Gaudin magnet with boundary is diagonalized by taking a quasi-classical limit of
the inhomogeneous lattice. Using the method proposed by Babujian, the integral representation
for the solution of the B-type Knizhnik—Zamolodchikov equation is explicitly constructed.

1. Introduction

The algebraic Bethe ansatz (ABA) method for the open-boundary spin chain is considered
to construct the integral solution of the Knizhnik—Zamolodchikov type dfferential equation.
This technique was first studied by Sklyanin [1] to treat the spin-1/2 XXZ spin chain, and
has been widely applied to other systems [2-4]. Although the open-boundary spin chain
was solved in [5] by use of the coordinate Bethe ansatz method, the ABA approach reveals
the quantum group structure of this system [6,7]. In this formulation both the R-matrix and
K -matrix play crucial roles. These matrices are solutions of the Yang-Baxter and reflection
equations, respectively. We only ireat the rational and the trigonometric solution of these
equations; the elliptic K-matrix as a general solution of the reflection equation has been
investigated [8,9].

In the first part of this paper we construct the eigenstate of the boundary Gaudin magnet
by taking a guasi-classical limit of the transfer matrix for the inhomogeneous open spin
chain. The Gaudin magnet has its origins in [10,11] as an integrable spin system with
long-range interaction. The Hamiltonian is given as a solution of the classical Yang—-Baxter
equation {12, 13], and is closely connected with the notion of the separation of variables
[14-17). The ‘functional Bethe ansatz’ method was also applied to the boundary Gaudin
magnet [18].

In the second part, the Knizhnik—Zamolodchikov type differential equation is studied.
Recently, an interesting structure of the Gaudin magnet has been revealed; the integral
solution of the Knizhnik—Zamolodchikov (KZ) equation can be obtained in terms of the
Bethe eigenstate of the Gaudin magnet [19-22]. The KZ equation is a set of differential
equations which is satisfied by the corelation functions of the WzNW model [23]. The
integral formula for the solution of the KZ equation has been derived based either on the
theory of the hypergeometric function [24,25], or on the Wakimoto construction [26]. The
relationship between the Gaudin magnet and the KZ equation gives an insight into the
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structure of the integral solution. Making use of this technique for the Gaudin magnet
with boundary, we shall construct the integral representation for solutions of the B-type K2
equation,

This paper is organized as follows. In section 2 the ABA method for the open-boundary
spin chain is reviewed. The transfer matrix for su(2) spin-1/2 XXZ chain is constructed in
terms of the R-matrix and the K-matrix. We show in section 3 that the Hamiltonian of the
boundary Gaudin magunet appears by taking a quasi-classical limit of the transfer matrix;
this completes the diagonalization of the boundary Gaudin magnet. Based on the ‘off-shell
Bethe ansatz method’ of Babujian, the explicit integral solution for the B-type KZ equation
is obtained in section 4. Section 3 is devoted to a summary and discussion.

In the following we use the Pauli spin matrices as a two-dimensional representation for
the su(2) Lie algebra:

() () () w

The creation-annihilation operators o are also used:
o* =} (¢* £io?). (1.2)
We remark that these spin operators act on the Hilbert space V = C2.

2. The boundary quantum inverse scattering method

We briefly review the boundary quantum inverse scattering method (QISM) of Sklyanin [14].
The basic notion is the quantumn R-matrix satisfying the Yang—Baxter equation (YBE)
(figure 1):

Rpp(@)Ry3(u + v) Ry (v) = Rs(v) Rz + v) R1a (). (2.1)

P

Figure 1. The Yang-Baxter equartion.

Here Rj; signifies the matrix on V@ V ® V acting on the jth and kth spaces and as an
identity on the other space. The variables 1 and v are called the spectral parameters. As a
solution of YBE (2.1), we use the R-matrix for the six-vertex model [27, 28]

1
_ b(u) cl(w)
R(uw) = ) bu) 2.2)
1
where
shu shn
b B ——  re— 2.3
(x) shiu + n) el sh{u + n) @3)
In the rational limit, these fupctions reduce to

n
v+n

b(u) = %ﬁ c(u) =
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and the R-matrix is simply written as R{#) = (% + nP)/{u + n). We note that the R-matrix
depends not only on the spectral parameter u but on the ‘deformation parameter” 7.
The R-matrix defined in (2.2) has the following propeities.

(i} regularity:

Ru=0=P (24)
(ii) the quasi-classical condition:

RWyao = 1 @5)
(iii) unitarity:

Rw)R(~u) = 1. (2.6)

Using the R-matrix satisfying YBE (2.1) we can define the monodromy matrix T'(u) for
the inhomogeneous N-site spin chain [29] (figare 2) by

Tote) = Row s —2w) -+« ol — 2R~ = ( 260 260 )

LT
RRRRRSR

Figure 2. The monodromy matrix T'(x),

Here the operator matrix elements A(x), B(x), C(#), and D{u) act on the full Hilbert
space VOV Due to the additive property of the spectral parameters, the YBE also holds for
the inhomogeneous lattice and we have

Riz(u — )T} @ DA ST (W) =1 T@NT () ® DR1a(u —v). (2.8)

This relation gives us the commutation relations between the operator matrix elements A (),
B(x), C(u), and D(u}. Some of them are given as

[B(u), B(v)] =0 (2.94)
_ 1 _ clv —u)
A(u)B(v) = bo—1) B(v)Alu) b —1) B(uw)A(v) (2.95)
__ 1! _clu—v)
D{u)B(v} = ) B(v)D(u) ba =) B(u)D(v) (2.90)
clu —v)

[B(u),C(v)] = (DAY — DA, (2.9d)

blue —v)
To construct the eigenstates of our system, we use the vacuum state |2}

IQ>=(3)I®---®(3)N. (2.10)

1t is easy to check that the vacvom state {§2) is the eigenstate of operators A(u) and D(u),
and annihilated by C(u):

Au)|2) = [£2) (2.11a)
N
pwi2 =[] Shiu —20)_ 1 (2.11b)

- sh(e — z; + 1)
Cl)i2) =0. (2.11¢)
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We note that the Bethe state, a sum of spin waves [30], can be generated by operator B(u)
acting on the vacuum state [£2}.

To formulate the spin chain with open boundary, we further introduce the so-called
‘boundary K-matrices’ which satisfy the reflection equations (figure 3):

Roy(u — v)(K_(u) @ DR2(u +v)(1 @ K_(v))

= (1@ K- ()R (t + v)(K~ (&) ® 1) Riz(s ~ 1) @.12)
Rar(—1 + 9)(K4. () ® DRia(—u — v — 20)(1 ® K’ ()
= (1® KL ()R (=4 — v — 29)(K% () ® DRia—t + v). (2.13)

Figare 3. The reflection equation,

For the R-matrix in (2.2) the refiection equations have been solved as
K_(u)=K(u,£) (2.14)
Ki(u) = K(u+n,84) (2.15)
where matrix K (x, &) is diagonal [31]:

_ [sh(u+§)
K‘“'““( | —sh(u—s))'

With the K -matrices satisfying the reflection equation, we can define the Yang-Baxter
operator U (u) as

(2.16)

217

Uw) = T@)K- ()T~ (—u) = (A(u} B(H))

C(u) Du)
where the operator T(u) inciudes the inhomogeneity {z;} (2.7). Note that the operators
A(u) ~ D(u) also act on the Hilbert space V&, It is easy to check that the operator U (i)
satisfies the boundary YBE:
Ry(u —0)(Uw) @ DRiz(u + v)(1@ U (v))

= (1 ® U@)Rai(e + v)(U () @ DRya(u — v). (2.18)
The transfer matrix for the open-boundary problem is defined with the Yang—Baxter operator
U(w) and the reflection matrix K4 (1) as (figure 4)

£ () = Tro K ()T (u). (2.19)
This transfer matrix #{(x) forins a one-parameter commuting family
(), 1)) =0 (2.20)

and the Hamiltonian of the inhomogeneous XXZ spin chain with open boundary is given
by

d
H = —logt(u) = @2.21)
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Figure 4. The transfer matrix r(x) for the open-boundary spin chain.

Now the problem is to diagonalize the transfer matrix f(z) (2.19). The boundary
YBE (2.18) can be rewritten in terms of the operator matrix elements, .A(x), B(u), C(u),
and D{u):

[B(u), B(v)1=0 (2.22a)

_ sh(u+v)sh(w—v—n) sh(u +v)shp
AMBO) = o+ myshta = vy AW+ T T she — vy AR

shnp
BT B(uyD(v) (2.22)

_ 2sh®pchn shysh(u —v+2n)
D) = B shig —V)shig +v+n B)AG) + shi + v+ n)shin — v)
sh{ug — v+ n)sh(u+ v+ 2n)
S —oysh@roiy COP@

shnsh{u + v -+ 25)
—"sh(u —u)shiu+v+n) B@)D()- (2.22¢)

For convenience we shall use the operator

Du) = D(w) sh(2u + 1) — Alw) sh. (2.23)

B(u)A(v)

The commutation relations (2.22a) reduce io the forms

sh{w - v)sh(u —v—-n) sh 7 sh(2v)
shz + v+ n)yshix —v) B)Aw) + sh{u — v)sh(2v + n}
shn o
- D 2.
shiu + v+ ) sh(2v + n) BPw) @24a)
shu —v — pysh(u 4+ v +n) = shn sh(2u + 21)
shiz —v)sh(e +v+15) B)D) sh(2v + n) sh{u — v)
sh 7sh(20) sh(Zu + 2n)
ShGo T Mt + v AR @246)
Note the difference of the operator algebra between (2.9a) and (2.244) and note that the
transfer matrix £{(u) in (2.19) is written in terms of operators .A(«) and D(x) as

Fa) = sh(2u + 2y sh(e + £,) sh(u +n—£&y) B, 2.25)

Blu)A(v)

A(B(v) =

B(u)D(v)

D)Bw) =

sh(2u + 1) Alw) - sh(2u + 77)

Let us see the action of the operators A(x), C(u), and D(u) for the vacuum state
12y (2.10). The property of the monodromy matrix (2.7} is useful:

T T (u — n)o? = qdet T'(u) (2.26)
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where qdet means the quantum-determinant [32],
qdet T(u) = A@}D( — n) — B@)}Clu ~n)
= D(u)A@ — n) — C(u)B(u — 1)
= A(u —m)D(u) — C(u — n)B(x)
= D(u — m)A(u) — B(u — n)C(u).
Identity (2.26) can be checked by using the commutation relations (2.8). With this property

and (2.11a} we can see that the vacuum state |§2) is also the eigenstate of operators A(u)
and D(x) and annihilated by C{x):

A(u)|2) = a(u)|2) (2.27a)
D)) = d(w)|) (2.27b)
C{w)|R2) =0. (2.27¢)
Here we have defined the eigenvalue functions a(x) and du) as
a(u) =sh(u+ &) (2.28)

N

I sh(u — z¢) sh(u + 2;) ]
o sh(u — 2 + n)sh(u+ z¢ + ) |

d(u) = — sh(2u) sh(u — £ + n)[ (2.29)

‘We shall diagonalize the transfer matrix ¢(u) (2.25) for the open-boundary spin chain
in terms of the Bethe state

M
¥ () =[] B, (2.30)
a=]
Using the commutation relations (2.24a) between operators LA(x), B(x) and ﬁ{u), we obtain
M
tE)Y(D) = AW} + 3 FaWa(e). (2.31)
a=]

Here the functions A(u) and F, are the so-called ‘wanted’ and ‘unwanted’ terms,
respectively, and have the forms

_ sB(2u + 2) sh(e + ) T 1 sh( — va ~ n) shiu + )
Ay = sh(2u + n) [l_[ sh{u — v,) sh(u + vy + 1)

sh( = &, + ) [ sh( — va + ) sh(u + v +2) ]~
sh(2u + 1) [l:[ shiu — uy) shu 4+ vy + 1) ]d(u) (2.32)

F = l[ M sh(v, — vg — 1) sh(vg + vg)
“ #a Sh(Ve — vg) sh(ve + v5 + 1)

]a (1)

o

}H(Ua) sh(2uy) shiv, + £4)

- shve — ug + 1) sh(ve + vg 1 2) ]
_[ﬂd sh(vy, — vg) sh{vx + vz + 1) ]d(v‘,) sh(fy — vy — n)}
sh(2u + 2n)shy
X S(20a + 7) Sh(t — 0) Sl + vy + 1) (2.33)
M
W, (u) = Bw) [ | Bwp)l0). (2.34)

Bu
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Relation (2.31) shows that the Bethe state W (v) is an eigenstate of the transfer matrix r(x)
under the condition F, =0 (w=1,..., M), ie.
M sh(va — vg — 7)shi(vy + vg)

B sh(uy — vg + 1) shivg + vg + 2n)
_ sh(ug —E- 4+ m)sh(ue — &4 + n)[ L sh(uy — 22) sh(ve + 22) }
- sh(ve + &-) sh(ve +£4) o Sh(ve — ze +msh(ua + 2+ J
(2.35)

This equation with z; = 0 corresponds to the Bethe ansatz equation (BAE) for the spin-1/2
XXZ spin chain with boundary derived in {1, 5.

3. The Gaudin magnet

We show that the Gaudin magnet with boundary can be derived from identity (2.31). The
Gaudin magnet introduced in {10] was given by taking the quasi-classical limit  — 0 of the
transfer matrix Tr T'(u) for the inhomogeneous spin chain {13]. This fact indicates that the
Hamiltonian is written in terms of the solution of the classical YBE. In our open-boundary
Gaudin magnet we require the constraint for the parameters £..:

b, =6 =i 3.0

Due to the quasi-classical condition (2.5), we have the power series expansion around the
point n = 0 for each term in {2.31)

t(n = 7)) = sh(z; + £)shiz; — )1+ nH; +OGP) 3.2)
Ale = zj) = sh(z; + &) sh(z; — £)(1 + nE; +O(?) (33
F, = 772 —Sh(EZj) Sh(va + E) Sh('}a — E) fa + 0(7?3) (3'4)

sh(z; — vy) shiz; + ve)
where the ‘Hamiltonian’ H;, ‘energy’ E;, and ‘unwanted factor’ f, are calculated as
sh(2z;) — sh(2&)o? N 1
2sh(z; +&)sh(z; — &) 4~ sh(z; + )

sl +2) _ . shiE-z) . _ Il 1)
x (shcs STl + g g o e
+Z":_1._ of +a7 o + oh(z; — z) ’Za"_l) 3.3)
=7 shiz; - z2) (cr k o G
_ ch{(2z;) _ M (ch(z,- —v)  ch(z; + v,,))
Er= sh(2z;) sh(z; —vy) | sh(z; + vy) (3.6
_ ch(vy + &) | ch(v, - ch(vy — vﬂ) chiv, + Up))
Ja= sh(vg + &) + sh(v, — + ; (sh(ua vg) sh(u(,r + ug)

chive — z;) Ch(va + z)
B Z (Sh(va - Zi) Sh(Ua -+ Zk)) ’ G

We remark that clue to constraint (3.1) the first term in ¢ (¢ = z;) becomes a c-number. This
proves the integrability of the Hamiltonian H,,

[H;, H]=0 forj=1,...,N (3.8)
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which is obtained from the commutativity of the transfer matrix (2.20). The Bethe states,
W and W,, can also be expanded as

¥(v) = g"e + O(™*) 59)
Waz)) = 77— sh(a; + o] ¢u +O™) (3.10)
with
M ;N sh(ve + &) | sh(, — &)\ _
’= 1;1 (; (_ shive — 2} * sh(u, -;-zk))“k )Iﬁ) 31y
SFE sh(vs +£)  sh(vg—£)\
Pe= ;;[a (; ( B sh{vg — zi) + sh(vg + zk))ak )IQ). (3.12)

When we combine the terms proportional to #4*! in (2.31), we obtain the so-called
‘off-shell Bethe ansatz’ equation

_ X, sh(2z;) sh(vy — £) sh(wy + §)
Hi¢ = Ej¢ + Z sh(z; — ug) shiz; + vg) sh(z; — §)

-4

This equation suggests that the Bethe state ¢ (3.11) is an eigenstate of the Gaudin’s
Hamiltonian Hj, iff a set of rapidities {v,} is set to satisfy f, =0 (¢ = 1,..., M),
ie.

i (ch(va — %) | chi +zk))
77 \sh(ve — %) sh(vx + 1)
k _ ch{vg +£) | ch(va —§) zi (ch(ua - vg)  ch(ug + vg)

" sh(v 4+ &) sh(u, —£) A \sh(ve — vg) * sh(vy + vp)

We have derived the eigenstate and the energy of the XXZ-type Gaudin magnet with
boundary. We note that in the rational limit the Hamiltonian H; (3.5) reduces to the form

N Z z z

Py —1 = Zjo} Py — 1§ +zj0 z; — §0]

Hj:z("k _5_5 jof P — 18 11) Jz 52, 3.15)
kg \E T2k E—z; 4+ E4z Z;—&

where Pj; is a permutation operator in spin space:

of®af + 1

—

127 . (3.13)

). (3.14)

Pp=0l®o; +07 @c + (3.16)

4. The Knizhnik-Zamolodchikov equation

We consider the Kz-type differential equation )

Vi =0 for j=1,2,...,N. (4.1)
where the differential operator V; is defined by use of Gaudin’s Hamiltonian #; (3.5) (and
its rational limit (3.15)):

]

Vj:xa_z.;-}lj. (4‘2)
We remark that « is an arbitrary parameter. The integrable condition for a set of the KzZ-type
differential operators Vj,

[V}, Vil=0  for jk=1,...,N .3)
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is satisfied for the case

Then the parameter £ is solved as
E=0 (4.4)

In this case the differential operator V; coincides with the B-type Kz differential operator
considered in [33]. Gaudin’s Hamiltonians H; include an arbitrary parameter £, which
disappears in the family of the mutually commuting B-type Kz differential operators V;.
We rewrite the explicit forms of the operator H; and the Bethe state ¢ in the limit £ - 0
as

chz; & 1 . ofaf — 1
H = ——L ——-——(o-+0‘ +o;70p +ch(z; — )
77 shgz; +k¥j shiz; —ze) \ 7 k ;ok @ =) 2

+i L o oot +oto, 4 chiz; + )szg’f_l)crz (4.5)
= sh(z; + z¢) A ;o G 2 / ’

Mo N shv, sh _
¢z v) = 1;1 { Zk: ( ~ sh(vy —22) + sh{v, + zk))ak }IQ}' “.6)

Following the idea of [19,21}, we define the hypergeometric function x(z, v} by a set
of differential equations

E

kX =Ey  forj=1,...,N @.7a)
dz;
3x

K— = fuXx fore=1,..., M. (4.78)
Vg

The integrability of these differential equations follows from the conditions
9, 3B 25 % W _p
3z, 9z dvy, 9z, dug By,

In fact, it is straightforward to solve the differential equations (4.74); its solution x{(z, v) is
a hypergeometric function

N N M M
Xz v) = [ [eh@e)™ [ 1] [tshiz; — ve) shiz; + va)) ™% [ [(sh wa)™*
. AL

J [+

M
X 1-—[(511(11.l — ug) sh(v, + vg))**. 4.8)

a<p

One can introduce the wavefunction ¥ (z) in the integrated form, which has a
hypergeometric kernel, as

M
dv,
@ =[] Fox@ o). 49)

shy,

The integration path C is taken over a closed contour in the Riemann surface such that the
integrand resumes its initial value after v, has described #t. The integral function ¥ (z) is
in fact a solution of the B-type KZ equation (4.1):

Vj‘,l’f(Z) =1{Q,
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To prove (4.1) we use the fact that the Bethe state ¢(z, v) (4.6) satisfies

o sh(z; — v,) shiz; + v,) — 2 sh? zZ;
9 sh2(z; — vy) sh(z; + vi)

where ¢, is defined in (3.12) with the condition £ = 0. One sees that the function ¢, does
not depend on v,. Then equality (4.1} can be proved simply as

x-——wz) f H Sf,v,l ( 5?,“’ TEx g‘?)
I (e er25)
35 l—[ sc}izvzl {Hf X6 - i sh(zjzfl;:; 21}11(;:“4- Vo) ;zi ) %
s Lo (G S e

d'U'ﬂ k3 2¢hzishu, -
—-HW—KZ%[ Shvﬁ] aa ( Sh(z.a_”ct)Sh(zJ'l'”a))U b

= Hjy.

M
= sh(2us)chz; o] ta
o

5. Discussion

We have constructed the integral representation for the solution of the B-type KZ equation.
We summarize our result for the rational case. In this case the integrable condition for the
KZ-type differential operators, [V;, V] = 0, is satisfied for two cases: £ =0 and £ = 00
The first case gives the B-type KZ equation

N Sl m— _l
xa—az—_wﬂtz>={2(ﬁ* -y S ) ]wﬂm 5.1)
/]

wNT T it

where -P_jj'c = ofoy Py. The integral solution can be explicitly written as

ve() = jédv Hzlﬂx HH(ZJ _ uz)‘”“ n uzlx n(v 2)2/rc

a<f

T(E gt 62

On the other hand, one can see that the second case, £ = 00, comresponds to the A-type KZ
equation

oA = Y Bl 53)

j kEj Z; —Zk
and that the integral representation for the solution is given by

M N ) M 5 M N 1
YA = 5@ dv 1:[1:[@“ — 7)™ l'L(vc. — vy T (; crk')lﬂ)- (5.4)

L — Vy
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From this fact, one can conclude that the rational ‘off-shell Bethe ansatz equation’ (3.13)
for the boundary Gaudin magnet intertwines the A- and B-type KZ equations.

We only give the integral representation for the solution of the spin-1/2 B-type Kz
equation. The generalization to the su(n) B-type Kz equation shounld be done from the view
point of the Gaudin magnet with boundary [34].
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